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1. Introduction
Let R be an associative ring with 1 and let G = GLc(∞, R) be the group of all infinite dimensional
(indexed byN) column-finite invertible matrices over R. In [1], Rosenberg prove among other results,
that GLc(∞, K) (K – a skewfield) is equal to its commutator subgroup. However his proof is not direct.
He describes all normal subgroups and then shows that the only possible candidate for a commuta-
tor subgroup is a whole group. There are not known results on commutator subgroup of GLc(∞, R)
for other than a skew field classes of rings. Bogopolskii conjectured (personal communication) that
commutator subgroup has uncountable index in GLc(∞,Z) but that conjecture still remains open.
Situation for subgroups ofGLc(∞, R) ismore clear. In [2], Bass proved that commutator subgroupof
a stable general linear group GL(R) is equal to elementary subgroup E(R) generated by all elementary
∗ Corresponding author.
E-mail addresses: cgupta@cc.umanitoba.ca (C.K. Gupta), w.holubowski@polsl.pl (W. Hołubowski).
0024-3795/$ - see front matter © 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.laa.2012.01.032
4280 C.K. Gupta, W. Hołubowski / Linear Algebra and its Applications 436 (2012) 4279–4284
transvections (see also [3] for the case of stable triangular group). The group GL(R) can be viewed as a
direct limit of finite dimensional groups GL(n, R). In [4], there is description of lower central series of
the group of banded upper unitriangular infinite matrices, in [5] these results were generalized to the
group of row-finite upper unitriangular infinite matrices and one subgroup of Vershik–Kerov group
over rings of stable rank 1.
The Vershik–Kerov group GLVK(∞, R) is a subgroup of GLc(∞, R) consisting of all matrices which
have afinite number of nonzero entries below themaindiagonal. This groupwas considered in the case
of finite field R = Fq in [6,7] and has applications in representation theory (see also [8]). GLVK(∞,Fq)
is infinitely dimensional, locally compact, totally disconnected, amenable in topological sense and
unimodular group. The stable general linear group GL(Fq) is its dense subgroup and the quotient
group of GLVK(∞,Fq) over the center is topologically simple. Parabolic subgroups of Vershik–Kerov
group were described for a wide class of semilocal rings in [9].
Let n be a natural number. By GL(∞, n, R)we denote the subgroup of GLVK(∞, R) consisting of all
matrices of the form
⎛
⎝ G1 G3
0 G2
⎞
⎠ (1)
where G1 ∈ GL(n, R), G2 ∈ T(∞, R). Note that the subgroups GL(∞, n, R) form an ascending se-
quence, i.e. for all n > 1 we have
GL(∞, n, R) ⊆ GL(∞, n + 1, R).
It is clear that
GLVK(∞, R) =
⋃
n>1
GL(∞, n, R).
For a commutative ring R and fixed n we denote by SL(∞, n, R) the subgroup of GLVK(∞, R)
consisting of all matrices of the form (1), where G2 ∈ UT(∞, R), G1 ∈ SL(n, R). Here SL(n, R) is
a group generated by elementary transvections. We note that for Dedekind rings SL(n, R) coincides
with the subgroup of all matrices of determinant 1. The subgroups SL(∞, n, R) form an ascending
sequence, i.e. for all n > 1 we have
SL(∞, n, R) ⊆ SL(∞, n + 1, R).
We put
SLVK(∞, R) =
⋃
n>1
SL(∞, n, R).
It is clear that SLVK(∞, R) contains the commutator subgroup of GLVK(∞, R). Our investigations
were originally inspired by the problem posed by Sushchanskii at the conference Groups and Their
Actions, Bedlewo 2010.
Problem. Does SLVK(∞, R) coincide with the commutator subgroup of Vershik–Kerov group?
In this paper we give a positive answer in a case R = K an infinite field. We note that parabolic
subgroups of SLVK(∞, R) were described for a wide class of semilocal rings in [10].
We use notation [x, y] = x−1y−1xy for a commutator and [G, G] for a commutator subgroup
of the group G (see e.g. [11]). If H is a subgroup of G, then by [H, G] we denote the subgroup of G
generated by all commutators [h, g], where h ∈ H, g ∈ G. The lower central series of G is defined
inductively as:
γ0(G) = G, γn+1(G) = [γn(G), G] for n  0.
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For any group G, let c(G) be the least integer s > 0 such that every element of a commutator
subgroup of G is the product of at most s commutators. If no such s exists, we set c(G) = ∞.
We assume that K is an infinite field. Our main result is the following
Theorem 1.1. Commutator subgroup of the groupGLVK(∞, K) coincides with the group SLVK(∞, K) and
c(GLVK(∞, K))  3.
The main part of the proof uses the following theorem which is of independent interest.
Theorem 1.2. Commutator subgroup of the group T(∞, K) coincides withUT(∞, K) and c(T(∞, K)) 
2. Moreover the lower central series of the group T(∞, K) is
γ0(T(∞, K)) = T(∞, K), γn(T(∞, K)) = UT(∞, K), for all n  1,
i.e., it stabilizes on the group UT(∞, K).
2. Proofs of the main results
We denote by In and I, an n × n-identity matrix and infinite identity matrix, respectively.
We first show the following important Lemma.
Lemma 2.1. For any infinite field K every element A ∈ UT(1)(∞, K) is a commutator.
Proof. Let β1, β2, . . . , βn, . . . be nonzero and pairwise distinct elements of K . Let
J =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
β1 1
β2 1
β3 1
β4 1
. . .
. . .
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
All blank entries are equal to 0. We will find T = (tij) ∈ UT(∞, K) such that JA = T−1JT . Since every
unitriangular matrix is invertible this equation is equivalent to
TJA = JT (2)
We note that A = [J, T]. We use induction on n = j − i (i.e. n is a number of superdiagonal of T above
the main diagonal). Let n = 1. Comparing (i, i + 1)th entries of both sides of matrix equation (2) we
shall obtain
β1ti,i+1 + 1 = 1 + ti,i+1β2,
which implies ti,i+1 = 0 for all i, so the first superdiagonal of T is zero. Suppose we have found tij for
all j − i < n. By considering (i, i + n)-entries of both sides of (2) we obtain equations
bi,i+n + ti,i+1bi+1,i+n + · · · + ti,i+n−2bi+n−2,i+n + ti,i+n−1 + βi+nti,i+n = βiti,i+n + ti+1,i+n
where bi,i+2 = βiai,i+2, bi,i+n = βiai,i+n + ai+1,i+n for n > 2 and finally
(βi − βi+n)ti,i+n = −ti+1,i+n + ti,i+n−1 + . . .
from which we can easily find ti,i+n for all i ∈ N. The Lemma is proved. 
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Let J denoteaspecial infinite triangularmatrixdefined in theproofof Lemma2.1and letUT(1)(∞, K)
be a subgroup of all unitriangular matrices A = (aij) such that ai,i+1 = 0 for all i ∈ N.
From Lemma 2.1 immediately follows:
Corollary 2.1. Equation [J, X] = A is always solvable in UT(∞, K) for any matrix A ∈ UT(1)(∞, K).
Proof of Theorem 1.2. Since any commutator of two infinite upper triangular matrices is an upper
unitriangular matrix we have
[T(∞, K), T(∞, K)] ⊆ UT(∞, K).
Let A = (aij) ∈ UT(∞, K). We put B = [C,D], where
C =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 a12(α − 1)−1
1 a23(
1
α
− 1)−1
1 a34(α − 1)−1
1 a45(
1
α
− 1)−1
. . .
. . .
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
where α and α − 1 are invertible elements of K and
D =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1
α
1
α
. . .
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
where all blank entries are equal to 0. Then
B =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 a12
1 a23 .
1 a34
1 a45
. . .
. . .
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
So, A = B · (B−1A), where B−1A ∈ UT(1)(∞, K) and by Lemma 2.1 A is a product of two commutators,
i.e., we have inclusion
[T(∞, K), T(∞, K)] ⊇ UT(∞, K).
In fact, we have proved that
[UT(∞, K), T(∞, K)] = UT(∞, K).
Thus the lower central series of T(∞, K) is
γ0(T(∞, K)) = T(∞, K)
γ1(T(∞, K)) = UT(∞, K)
γ2(T(∞, K)) = [γ1(T(∞, K)), T(∞, K)] = UT(∞, K)
and so on. 
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Proof of Theorem 1.1. Since GLVK(∞, K) is a sum of the ascending chain of subgroups GL(∞, n, K),
for any twomatrices from GLVK(∞, K) there exists n such that these matrices belong to GL(∞, n, K).
Then the commutator of these matrices is
⎡
⎣
⎛
⎝ G1 G3
0 G2
⎞
⎠ ,
⎛
⎝ H1 H3
0 H2
⎞
⎠
⎤
⎦ =
⎛
⎝ [G1,H1] G4
0 [G2,H2]
⎞
⎠ ,
where [G1,H1] ∈ SL(n, K), [G2,H2] ∈ UT(∞, K) and
G4 = G−11 H−11 (G1H3 + G3H2) − G−11 H−11 H3H−12 G2H2 − G−11 H1[G2,H2].
From this it follows
SLVK(∞, K) ⊇ [GLVK(∞, K),GLVK(∞, K)]
We prove the opposite inclusion. Any element of SLVK(∞, K) has the following decomposition
⎛
⎝ G1 G3
0 G2
⎞
⎠ =
⎛
⎝ In G3
0 G2
⎞
⎠
⎛
⎝ G1 0
0 I
⎞
⎠
which can be checked by direct computation. From the result of [12] (Theorems 1 and 2) it follows that
for any field K = F2,F3 every element of SL(n, K) is a commutator and so is
⎛
⎝ G1 0
0 I
⎞
⎠ because the
equality G1 = [H1,H2] in GL(n, K) implies
⎛
⎝ G1 0
0 I
⎞
⎠ =
⎡
⎣
⎛
⎝ H1 0
0 I
⎞
⎠ ,
⎛
⎝ H2 0
0 I
⎞
⎠
⎤
⎦ .
FromTheorem1.2 it follows that
⎛
⎝ In G3
0 G2
⎞
⎠ is a product of atmost 2 commutators. So finally,
⎛
⎝ G1 G3
0 G2
⎞
⎠
is a product of at most 3 commutators. This means that
SLVK(∞, K) ⊆ [GLVK(∞, K),GLVK(∞, K)]
and the proof is finished. 
3. Remarks
In the proof of Theorem 1.2 we use α ∈ K. such that α − 1 ∈ K.. The existence of such α is
equivalent to the condition that 1 is a sum of two invertible elements. Detailed analysis shows that
our proofs and all results of section 1 are valid for the commutative ring R satisfying two conditions:
(1) 1 is a sum of two invertible elements of R,
(2) there exists an infinite sequence (βn)n∈N of invertible elements ofR such thatβi−βj is invertible
for all i = j.
It seems that rings satisfying these two conditions are closely related to the so-called Suslin–
Nesterenko rings, which have applications in study of homologies of GL(n, R) (see definitions and
results in [13,14]).
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It is interesting to generalize our results to finite fields, however this requires another methods of
proofs.
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